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USE OF LINEAR DIFFERENCE EQUATIONS IN ECONOMICS

BUKOPUCTAHHSA NIHINHUX PIBHULEBUX PIBHAHb B EKOHOMILI

The article examines the use of linear difference equations in modeling economic processes
and evaluating their effectiveness for describing market and socio-economic dynamics. Special
attention is given to the Evans model, which explains how the market price gradually converges
to a new equilibrium value determined by demand and supply conditions. Examples illustrate
monotonic convergence and oscillatory approaches to equilibrium, as well as conditions for
price stabilization. The cobweb model is also analyzed, highlighting cases where price behavior
becomes cyclical or diverges, forming a spiral trajectory. Additionally, a model of unemployment
dynamics is presented, resulting in a formula for the steady-state unemployment rate, consistent
with classical macroeconomic theories. The study underlines the value of difference equations as
a versatile tool for forecasting economic processes, modeling market mechanisms, and identifying
long-term trends in economic development..

Keywords: difference equations, Evans model, spider web model, market equilibrium assessment,
demand function, supply function.

Cmamms npucesyena 3acmocy8antio AHIHUX PI3HUYeBUX PIGHSAHb ) MOOENOBAHHI eKOHO-
MIYHUX npoyecié ma ananizy ix epekmusHocmi st ONUCY PUHKOBUX MA COYIATbHO-EKOHOMIYHUX
sasuwy. I[lokaszano, wo maxi pieHAHHA, HAGIMb 3a YMOGU 0OMEICEH020 MAMEMAMUYHO20 anapamy,
0036015110 Mb ONUCYBANU WUPOKUTI CNEKMP NPUKAAOHUX 3A80AHb MA 3HAXOOUMU WIAXY X GUDI-
wienns. Posansanymo memoouxy po3e'sizanns pisnuyesux pieHsanb nepuio2o nopsaoKy 3 NOCMItiHu-
MU KoeghiyieHmamu, HagedeHO NOeMAanHuil BUCHOBOK 3a2allbHOT popmynu ma ii npaKmuyHe UKo-
PUCMANHA 0I5l AHANI3Y OUHAMIKU eKOHOMIYHUX NOKA3HUKIG. [lemanbHo npoananizosano mooensb
€sanca, wo onucye npoyec nocmyno8020 HAOIUICEHHs PUHKOBOT YiHU 00 HOBO2O PIBHOBAICHO2O
3HAYeHHs NiCA 3MIHU YMOG Chodicueants ma nponosuyii. [lokaszano, ujo 3mina yinu nponopyitina
PIBHUYT MIdC 00CA2AMU NOMOYHO20 CROJICUBAHHS MA NPONO3UYILT, WO 003605E€ BIOCMENCYBAMU
WIAX PUHKY 00 CIAHY pieHO6a2U KPOK 3a Kpokom. [logedeno ymosu 30idcHocmi nociiooHocmi
YiH ma npoamanizoeano Npuxkiaou cmabinizayii punkogoi Yinu 3a pi3Hi napamempu, wo Mae
NpakmuyHe 3HayeHHs OJisl NPOSHO3Y8AHHA 00820CMPOKOBOI N08edinKU puHKy. Pozensanymo nagy-
MUHHY MOOeb, W0 YCy8ae nompedby 8 NponopyiliHomy Koeiyicumi, aie 6600umume Ho8i npo-
bremu, 30Kpema MONCIUBICIb HECKIHUEHHUX KOMU8AHb Yiku. [Ipoananizosano unaoxu, Ko yina
CMaoinizyemvpcs, KOMUBAEMbCS HABKOLO PIBHOBA2U DO pYXAEMbCsL NO CRIPANeno0iOHIl mpaek-
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MOopii, HIKOIU He 00CA2AIYU CIANI020 3HAYEHHS, WO OEMOHCMPYE PISHOMAHIMHICMb CYeHapiis
possumiy punky. Hageoeno npuxnadu 3 po3paxyHkamu, wjo niomeepoxicyionms meopemudni no-
JIOJICEHHS MoOenell ma OeMOHCIMPYIOMb YMOGU CMiliko2o pignosazu. Okpemutl po30in npuceaieHo
MOOENOBAHHIO OUHAMIKU DieHs 6e3pobimmsi, 0e HA OCHOBI PI3HUYEBUX DIGHAHb BUHAUEHO, K
3MIHU Y PIGHAX 36iNbHEHb MA NPAYEGIAUTNY8AHNS GNIUBAIOMb HA 00820CMPOKO8e PIGHOBAZY HA
puHKy npayi. Ompumano Gopmyny cmadinbHo2o pieHs 6e3pobimms, wo y32004CYEMbCs 3 Kid-
CUYHUMU MAKPOEKOHOMIUHUMU MoOenamu. ITiOKpecieno 3HaueHHs pi3Huyesux piHaHb AK egex-
MUBHO20 THCIMPYMEHMY NPOSHO3YEAHHA E€KOHOMIUHUX NPOYecis, wjo 3a0e3neyye MOMCIUBICMb
MOO€NI0BANHA CKIAOHUX PUHKOBUX MEXAHI3MIE Ma GUIHAYEHHA CMIUKUX MeHOeHYill PO36UMKY
EeKOHOMIKU.

Kniouogi cnoesa: pisnuyesi pisusanns, mooens €eanca, nagymuHHa MoOens, OYiHKA PUHKOBOT
pisHosazu, QyHkyis nonumy, QyHKYis npono3uyii.

Formulation of the problem. Economic processes are characterized by constant
changes over time, which can occur in discrete rather than continuous steps. Therefore,
traditional models based solely on differential equations often fail to adequately describe
systems that evolve at fixed time intervals, such as monthly or quarterly market adjustments,
investment returns, or employment changes. In such contexts, linear difference equations
become an effective mathematical tool for analyzing the dynamic behavior of economic
variables, predicting trends, and assessing the stability of equilibrium states.

However, despite their simplicity, the mechanisms of price formation, demand—
supply adjustment, and labor market balance still present difficulties in formalization and
forecasting accuracy. The problem lies in determining the conditions under which the system
reaches equilibrium, oscillates around it, or diverges indefinitely. This study addresses the
need to apply and interpret linear difference equations in economic modeling to describe the
dynamics of prices, production, and employment, ensuring the mathematical transparency
of these processes and enabling the evaluation of long-term economic stability.

Analysis of recent research and publications. Research on dynamic economic processes
using linear difference equations has a long-standing tradition rooted in classical price-
adjustment frameworks addressing imbalances between demand and supply. Scientists such
as Glenn Fulford, Peter Forrester, Arthur Jones, Gerhard Sorger, showed how linear difference
equations can be used to model economic and financial processes [1-2]. They explained the
relationship between first and higher order difference equations and the dynamics of market
variables such as price, profit, investment, demand and supply. Building on this foundation,
the Evans-type approach formalizes the path of adjustment toward a new equilibrium: the price
change is proportional to the current demand—supply gap, which enables precise statements
about the speed and pattern of convergence [3-5]. A closely related strand is the cobweb
model, where supply responds to lagged prices; it explains cyclical behavior and highlights
parameter thresholds separating stable from divergent regimes. Contemporary publications
embed difference equations into broader discrete-time macro frameworks to model inflation
dynamics, labor-market flows, and inventories, with emphasis on parameter identification,
robustness, and forecast sensitivity. Another active area concerns unemployment models,
where linear difference equations deliver transparent steady-state formulas given separation
and job-finding rates, clarifying both equilibrium levels and transitional paths. Mankiw
combines Keynesian, classical, and neoclassical approaches, showing how they interact in
explaining short- and long-run economic fluctuations [6].

Formulation of the purpose of the article. The purpose of the study is to substantiate and
demonstrate the potential of using linear difference equations to model economic processes
and forecast their dynamics. Investigate well-known models that explain the features of
price fluctuations and demonstrate different scenarios of market behavior. Analyze the
dynamics of the unemployment rate and determine the conditions for its stabilization based
on a mathematical approach.

Presentation of the main material. A great advantage of difference equations is that
with their help, using a rather limited circle of mathematical knowledge and skills, it is




ISSN Print 2708-0366; ISSN Online 2708-0374 | 1
I

possible to translate into the language of mathematics (model) and solve a wide class of
applied problems, in particular, economic ones. Equation

x,=ax, ,+b (D

is called a first-order linear difference equation with constant coefficients [1]. Here, a and b
are the coefficients of the equation, x, is the unknown describing the state of the system
at the moment £.

A characteristic feature of equation (1) is that it is used to describe situations in which
the state of the system is completely determined by its state at the previous moment. In this
regard, equations of the form (1) are often called recurrent.

In order to find the solution to equation (1), we first trace several steps:

X, = ax, +b,
X, =ax, +b,
substituting for x1 its value from the previous equality, we obtain:
x, =a(ax,+b)+b=a’x,+ab+b,
X, =ax, +b,
and repeating the process, we get:
2 3 2
X, =a(a X, +ab+b)+b=a X,+ab+ab+b,
3 2 4 3 2
X, =ax, +b=a(a X, +a b+ab+b)+b:a Xo+ab+a'b+ab+b,

The trend is clear. An inductive assumption can be made:
x, ,=a""'x,+a"’b+a"b+...+ab+b.
Induction transition:
x,=ax,_ +b=a (a"’lxo +a"’b+a"b+...+ab+ b) +b
confirms our assumption
x,=a"x,+a"'b+a"*b+...+ab+b. 2
Let's transform equality (2):
X, =a"x0+b(a"_]+a"_2+...+a+l) 3)

The expression in brackets is the sum of the terms of a geometric progression. Using the
formula for the sum of the terms of a geometric progression, from formula (3) we obtain the
solution of equation (1).

X, :a"x0+b[l a J, @)
l-a

Evans model. The market price of the product was equal to p0. After external
circumstances had caused supply and demand in this market to be described by the
equations ¢’ =a—bp? and ¢’ =e— fp® (the coefficients a, b,f are non-negative),
Mr. Marshall declared that he knew that the new equilibrium price would be equal to
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a—e/b + f[3-4]. In response, Mr. Evans said, “And I know how the market arrives at
that price”.

Below we present Mr. Evans's reasoning.

A change in market conditions leads to a change in the equilibrium price. Moreover,
the change in price is directly proportional to the difference between the volume of current
demand and current supply. In mathematical language, this is expressed by the following
difference equation:

Py = Py +k<qj-1 _q;—l)’

where k is the proportionality coefficient determined by non-price factors. Substituting the
values ¢¢ and ¢* of, we obtain a linear difference equation of the 1st order with constant
coefficients.

Py =P tk((a=bp,,) = (e~ fo,1)): )
From here, collecting similar terms, we obtain:

p, =D (1-kb—kf )+ k(a—e).
Equation (5), according to formula (4), is a function:

1-(1-kb—kf)"

pn:(l—kb—kf)"po+k(a—e) i

(6)

In particular, from formula (6) it follows that if the number (l —kb—kf ) is less than one
in absolute value, &k # 0, then when n — oo the price will tend to the number indicated by
Mr. Marshall: a —e /b + f.

Example. Let the demand function be given by the equation ¢ =10— p“, the supply
function by the equation ¢ =1+ 2p°, and the price at the initial moment of time be equal
to 2. Then the change in price in this market, according to the Evans model, will be described
by the sequence:

1-(1-k-3)"
k-3 '

If the market situation does not change for a long time, and 0 < |1 —k- 3| <1, then the price
will tend to 3.

In this case,

If 0<k < 1/, then the price will consistently increase from 2 to 3, and if % <k< y ,
the price will approach 3, alternately from above and below.

The cobweb model. Evans' model includes a proportionality coefficient k, which is
sometimes difficult to explain [4]. This problem is eliminated with the cobweb model
(though new problems arise), which we illustrate with the following situation.

A merchant who carries goods for sale to island X, having learned from the merchants
who had been to the island before him that they had sold each box of chocolate for 10 measures of
silver, took 10 boxes with him. On the island, it turned out that he could sell all the chocolate for
14 measures of silver per box. Inspired by this price, he brought 14.8 boxes of chocolate the next
time. But, unfortunately, he was only able to sell this batch of chocolate for 11.6 measures of silver
per box. Therefore, the third time, the merchant took with him only 11.92 boxes of chocolate.

Assuming that the supply of chocolate from the trader and the demand for chocolate
from the islanders are linear, we write out the corresponding functions. Next, assuming that
no other chocolate traders will go to this island, and that supply and demand will remain
unchanged, we determine at what price and at what volume the market will stabilize.

p,=(1-k-3)"2+k-9-
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From the conditions it follows that the volume of supply of chocolate on each trip is
determined by the price at which chocolate was sold on the previous trip. Hence, the supply
function ¢, =e+ fp, ,. Substituting the values, we obtain a system of equations that will
allow us to determine the coefficients of the supply function:

10=c+ £-10,
148=e+ f-14.

Having solved this system, we obtain that the supply of chocolate from the merchant ¢ is
given by the function ¢} =1,2p, , —2. The validity of this statement can be verified by the
data of the 3rd trip: 11,92 =1,2(11,6) 2.

Coefficients of the demand function for chocolate from the islanders g’ =a+bp, are
determined by a system of equations:

10=a+b-14,
14,8=a+b-11,6.

Solving this system, we get the following result: a = 38, b = -2.

Therefore, the price at which chocolate is sold on each visit of the merchant, as well as
the quantity of goods that he takes to the island each time, are given by the system of
equations:

qu[ :38—2]7”,
q:l =l72pn71 _2

and the initial condition p0 = 10. Since the merchant sells all of the goods each time, the
quantity demanded equals the quantity supplied on each trip.

Therefore, the equality 38 —p =1,2p | —2 takes place. Hence, p, =—0,6p,  + 20. The
solution to this equation is,

1-(-0,6)"

1-(-0,6)"
1-(-0,6) '

=(-0,6)" 20
pn ( ) p0+ 1+0,6

=(-0,6)"-10+20

As n tends to infinity, we find that the price will stabilize at $12, and 13 boxes of chocolate
will be sold.

To understand where the name of the model comes from, let's draw supply and demand
lines and connect the corresponding dots.

D A

b
Ll

Figure 1. lllustration of a cobweb model of a problem
Source: author's development
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We have already mentioned the shortcomings of the cobweb model. As an example,
suppose that the demand and supply of chocolate are given by the equations ¢’ =38-2p,
and g, =3p, , —2. Then the corresponding difference equation will be p, =1,5p, , +20.

His decision:
" 1-(-15)" . 1-(-15)"
=(-1,5 20———=(-1,5) -10+20——————
P =(=L3) P+ 1-(-15) (=15)"10+ 1+1,5

Since the sequence (—1,5)" has no limit, we get that the price in such a market will never
stabilize.

The corresponding graph has the form of an unwinding spiral.

In order to determine the conditions under which the price on the market in the
conditions of the cobweb model stabilizes, we will write the equations of supply and
demand in general form: ¢’ =a-bp, ¢’ =e+ fp,,; and then we will write out the
difference equation:

f e—a
b, b Pt (—b)
and solve it:

' -(-74) ' a-e) a-e
A T i)

. =) 1—(—%) +m +m.

The price sequence converges, that is, stabilizes at the number @ —e /b + f, only if the
absolute value of the number f/ b is less than 1.

In other words, the cobweb model can only predict how the market price will change in
the long term if the slope of the demand function is greater in absolute value than the slope
of the supply function. In conclusion, we note that the resulting equilibrium price coincides
with that obtained based on the Evans model, which is not surprising. It would be strange if
this were not the case.

Models of changes in the unemployment rate.

Consider the following problem 1. In country “A” the size of the labor force is constant
and equals 2.5 million people, the number of unemployed at the initial moment of time is
120,000. Let 1% of employed people lose their jobs every month, and 19% of unemployed

D A

[
L

Figure 2. Solution in the form of an unwinding spiral
Source. author's development
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people find jobs. How many unemployed people will there be in this country in 9 months?
How many unemployed people will there be in this country in many months if the specified
conditions do not change?

Let us formulate and solve the problem in general. Let L denote the size of the labor
force. It is assumed to be constant. Then, if E — is the number of employed, and U, —
is the number of unemployed at the end of the time period with number n, the equality
L=E + U holds.

Note that the number U /L is called the unemployment rate.

Let S —be the indicator of the level of dismissal of workers, that is, the share of employed
people who lose their jobs in the period under consideration, and let f — be the indicator of
the level of employment, that is, the share of unemployed people who find work in the period
under consideration. Let's assume that both of these indicators are constant and see that they
determine the unemployment rate.

Then, taking into account the fact that E = L — U , we obtain the equation:

Un :Unfl(l_f)-"_s(L_Unfl)' (7)
Rewriting it in the form (1),
Un :Un—l(l_f_s)-'rSL’ (8)

we obtain a linear difference equation of the first order.
Its solution can be written in the form (4):

LU (1 fsy s S s)
U,=U,(1-f—s)" +sL 1—(1—f—s)'

Assuming that the conditions in the labor market will not change for a long time, from
(9) we can (as n — o0 obtain that

€))

v-L (10)

_f+s'

From here we can obtain the formula given in Chapter 5 of the famous book by N. Gregory
Mankiw “Macroeconomics” [6]: unemployment rate

U )

L f+s

(11)

Let's return to the numerical example, to country “A”.

From the conditions: L = 2500000; U = 120000; s = 0.01; /= 0.19.

Then, from formula (9) we obtain an estimate of the number of unemployed in this
country after 9 months:

1-(1-0,19-0,01)"

=124329.
1-(1-0,19-0,01)

U, =120000(1-0,19-0,01)’ +0,01-2500000-

Assuming that the conditions in the labor market will not change for a long time,
we find that equilibrium will be reached in the labor market if the number of
unemployed in this country is equal to U= 0,01 - 2500000 - 1/0,19 + 0,01 = 12500, or,
in other words, the unemployment rate will stabilize at 12500/2500000 = 0,05 = 5%.
This number can be obtained directly from the conditions of the problem by substituting
the values s = 0.01 and f'= 0.19 into formula (9): 0,01/0,19 + 0,01 = 0,05.
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Conclusions. The study has demonstrated that linear difference equations are an effective
tool for modeling dynamic economic processes and forecasting their development. A general
solution to the first-order equation with constant coefficients was derived and applied to
describe the mechanisms of market price formation and the achievement of equilibrium.
The Evans model and the cobweb model provided a basis for analyzing the conditions of
price trajectory convergence, identifying cases of price stabilization, as well as scenarios of
infinite oscillations. The results confirm the versatility of difference equations in forecasting
complex economic processes and forming scientifically grounded strategies for economic
development.
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