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APPLICATION OF THE SAMUELSON EQUATION TO THE EVANS MODEL

3ACTOCYBAHHA PIBHAHHA CAMYEJICOHA B MOAENI EBAHCA

Mathematical modeling of economic processes is an actual direction of research, because
the well-being of citizens and the country as a whole depends on it. In the case of the market,
the prices of most goods and services are not planned centrally, are not directly regulated by
the state, but are freely set and changed by the market itself. The main factors that control the
movement of prices in the market are the demand and supply of goods. In the economy, the most
important are dynamic models, the parameters of which change over time. The Evans model
(Walras-Evans-Samuelson model) is currently one of the basic concepts explaining the dynamic
establishment of the equilibrium price in the market of one product under the influence of supply
and demand. This is due to the fact that knowing the dynamics of the economic parameter we
are interested in, we can try to build a forecast of its further evolution. The article examines the
market of one product. For convenience, we will assume that the functions of the dependence of
demand and supply on the price are given by linear relationships. The construction of the Evans
model is that the change in price is directly proportional to the excess of demand over supply and
the duration of this excess. The Samuelson differential equation with an initial condition, that
is, the Cauchy problem, is obtained. Samuelson’s equation has a stationary (equilibrium) point,
which is a positive price at which supply and demand will be equal. The analysis of the obtained
solution of the problem shows that over a long enough time (relatively speaking, at t - «) the
price asymptotically approaches the equilibrium value. If we are not interested in the temporal
dependence, but only in the equilibrium price, then it can be found from the differential equation

immediately by setting the condition P _ 0, this is the so-called limit stationary mode. The solu-

tion of the Cauchy problem is found b)c)i ihe method of variation of the constant. The parameteriza-
tion of the model using the fractional differentiation operator in the sense of Gerasimov-Caputo
is considered. The resulting solution was analyzed depending on the parameter 0 < o. < 1. For this,
the asymptotic representation of the function was used for large values of the argument. Conclu-
sions are made regarding price dynamics in time relative to the equilibrium price when demand
and supply are equal.

Key words: dynamical system, demand function, offer function, Evans model, Samuelson s equation.

Mamemamuune Mo0eno6anHs eKOHOMIYHUX NPOYECIE € AKMYATbHUM HANPAMOM OO0CNIONCEH-
H5L, MOMY W0 8i0 Yb020 3ANEHCUMb 000POOYM 2POMAOsH | KpaiHu 6 yinomy. ¥ pasi puHky, yinu
Oinbuwocmi mogapie ma nocy2 He NAAHYIOMbCA YeHmpanizoeano, He pecyniolomucs besnocepeo-
HbO 0epaIcasor0, a GLILHO GCMAHOGTIOIMbCS | 3MIHIOIOMbC camum purkom. OcHosHUMU (aK-
mopamiu, ujo Kepyroms pyXom YiH Ha pUHKY, € NONUM ma nponosuyis moeapie. B exonomiyi naii-
OLbUL BANCIUBUMU € OUHAMIYHI MOOEI, NApaMempu SIKUX 3MIiHI0OmMoscs 8 yaci. Mooenw Eearnca
(mooenv Banvpaca-Esanca-Camyenbcona) HUHI € 0OHIEI 3 6A308UX KOHYenyill, o NOACHIOOMb
OUHAMIUHE 6CIMAHOBIIEHHS PIBHOBANCHOL YiHU HA PUHKY 0OHO20 MOBAPY NI0 6NAUBOM NONUNTY Md
npono3uyii. Lle 3ymoeneno mum, wjo 3Haiouu OUHAMIKy eKOHOMIYHO20 napamempa, wo Yikagumso
HAc, MOXNCHA Cnpobysamu noOydyeamu npo2Ho3 to2o nooatbulol esonoyii. Y cmammi poszensoa-
€MbCS PUHOK 00HO020 MOogapy. [{lia 3pyuHOCMI 66adHCAMUMEMO, WO QYHKYIT 3a1eACHOCMI NOnUmy
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ma nponosuyii 8i0 yinu 3a0awi HHitHUMU cniegiOHoweHHAMU. T106y0o6a modeni Eeanca nonseae
6 MOMY, WO 3MIHA YIHU NPIMO NPONOPYIUHA 00 nepesuLyelts NONUmy Had NPono3uyicio i mpu-
sanocmi yvboco nepesuwenna. Ompumano ougepenyianvre pienanus Camyerpcona 3 NO4amKo-
6010 yMogoio, moomo 3adaua Kowi. Piensnna Camyenvbcona mae cmayionaphy (pieHoeaxichy)
MOUKY, Wo € 000AMHbOK YIHOW, Npu AKitl nonum i nponozuyii 6ydyme pisHi. Ananiz ompuma-
HO20 piuleHHs 3a0a4i NOKA3ye, Wo 3a 00CUMb MPUBATIO20 YACY (VMOBHO KAXCYYU, NPU { — )
yina acUMNMOMUYHO HAOIUINCAEMBCA 00 PIBHOBANCHO20 3HauenHA. Akujo Hac yikasumo He
MUMYACO8A 3ANEINCHICMY, a TUULe PIBHOBAIICHA YIHA, MO T MOJICHA 3HATMU 3 OUDEPEHYIANbHO2O

PIBHAHHSA 6i0pa3y, 3a0a8ULU YMOBY Fp =0, ye mak 36aHull SpAHUYHUL CMAYIOHAPHULL PEHCUM.
t

Pos3s’sazanus 3a0aui Kowi snaxooumvcs memooom sapiayii nocmitinoi. Pozensadaemscs napame-
mpusayis Mooeni 3a 0onomo2oro onepamopa 0pob06oco dughepenyirosanis 6 cenci I epacumosa —
Kanymo. Ompumane piwienna npoananizogano 6 3a1exicHocmi 6io napamempa 0 < o. <1. s yvo-
20 BUKOPUCMAHO ACUMNIMOMUYHE NPEOCMAaBIeHts QYHKYIT npu 8eAUKUX 3HAYEHHAX APSYMEHNY.
3pobneno sucHosKU w000 OUHAMIKU YIHU Y YACT BIOHOCHO PIBHOBANCHOT YiHU, KOIU NONUM ma
npono3uyii pieHi.

Knrwouosi cnosa: ounamiuna cucmema, QyHkyis nonumy, Qyuxyis nponosuyii, mooens Eeanca,
pieHsinns Camyenbcoua.

Formulation of the problem. Dynamic models are described mainly by linear ordinary
differential equations with initial conditions, which are easily solved by known methods.
As a rule, the solution to such equations is an exponential with negative or positive expo-
nents, depending on the economic meaning. However, mathematical models appear that may
contain derivatives of fractional orders in their equations. We will not dwell in detail on the
question of the economic meaning of such differential operators, but let’s just consider the
features of solving such equations using the Evans model as an example.

Analysis of recent research and publications. By modeling a certain process we mean
its display in the language of the corresponding science. A mathematical model is a set
of symbolic mathematical objects and relationships between them. In economics, these
are economic-mathematical models. Modeling is the main method of economic equilib-
rium research. The need to use certain models stems from the essence of equilibrium states
in the economy. The hypothesis about the existence of general economic equilibrium was
originally stated in the work of L. Walras [1]. Pure political economy was conceived by
Walras as a theory of price determination under a hypothetical regime of free competition.
This theory is mathematical, which means that although it can be stated in ordinary lan-
guage, its proof must be mathematical. It is entirely based on the theory of exchange, which,
in turn, is entirely expressed — in a state of market equilibrium — in a double fact (the cen-
tral idea of the theory of general equilibrium): firstly, the fact that each participant in the
exchange receives maximum utility, and secondly, in the fact equality of supply and demand
volumes for each product for all participants. Only mathematics can give us the condition
for maximum utility. These two facts underlie the equilibrium state in markets, according
to L. Walras. If the first fact defines equilibrium as the state of each individual economic
entity, then the second fact fixes equilibrium as the state of the system of interacting entities
as a whole. As new research appears, theoretical explanations of general economic equilib-
rium inevitably become more complex, incorporating approaches from related disciplines:
game theory, algebra and linear programming. The theory of general economic equilibrium
is becoming the leading approach for modeling socio-economic processes [2—3]. General
economic equilibrium models are actively used as an applied tool when analyzing the effi-
ciency of the economy, as well as the influence of various kinds of exogenous influences and
endogenous changes on the economy at various levels [3—4]. Despite significant differences
in scientific approaches to the study of economic equilibrium, in most scientific sources
its essence is reduced to the balance and proportionality of economic processes (economic
relations) within a certain economic system. Thus, in fact, we are investigating different
states of some system consisting of subjects, relations between them and objects in relation
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to which these relations are realized [5—7]. Mathematical models can be studied by various
methods: analytical, which obtain the general form of dependencies between the research
characteristics or their properties, numerical, etc. Models of general equilibrium, used to
obtain quantitative estimates, are divided into two types: static and dynamic stochastic.
In particular, static models characterize the specific state of the object at a given moment in
time, stochastic models reflect the influence of random factors [8]. Dynamic mathematical
modeling is a description of time-varying processes using differential, integral, integro-dif-
ferential, stochastic differential equations, in particular. Sometimes such functional relations
themselves reflect the law obtained during the study of the process by the means of the
corresponding field in natural science or social sciences [9]. Although more often final math-
ematical models are obtained in the process of applications of mathematics itself, logic, and
therefore there is a need for their verification in practice — testing. In modeling, three main
parts are distinguished: empirical, theoretical, mathematical, which constructs mathematical
models to explain and verify the theoretical part, process experimental data, and plan further
research. At the initial stage, the models are simplified in order to choose the appropriate
mathematical apparatus for research, give the solution algorithm and test it. It turned out
that if we replace some derivatives of whole orders with certain integral relations, in par-
ticular, non-local derivatives of fractional orders, then the gradualness of the process will be
taken into account. In recent years, models that are described using equations with fractional
derivatives have been actively studied [9-10].

Formulation of the purpose of the article. Analyze the possibility of solving differen-
tial equations containing derivatives of fractional orders in the Evans dynamic model.

Presenting main material. Mathematical formulation of the problem. Consider the
market for one product. Let us introduce into consideration the following defining functions
D(1), S(z),and p(r), which in economics are known as demand, supply and price [11].
We will also assume that supply and demand linearly depend on price according to the
equations:

D(t) = aO—bp(t) .
S(t)=al+pp(t), )
o,B,a,b>0

It should be noted that if p(¢#)=0, then a>a, i.e. demand prevails over supply at
zero price. In the Evans model, the determining factor is the change in price depending on
the relationship between supply and demand [12]. The change in price over time t must be
proportional to the excess of demand over supply, i.e. the following equation holds:

%:X(D(t)—S(t)), @)

here A >0 is the proportionality coefficient. The equation in our case can be written as
follows:

%?x((bw)p(f)_amal), 3

Equation (3) is called Samuelson’s equation. To determine the integration constant in (3),
it is necessary to set the initial condition

p(0)=po. ©)
Relations (3) and (4) define the Cauchy problem. From equation (3) we can easily

determine the equilibrium price (D =S), assuming Fp =0, we arrive at the following
result: t
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_ a0-adal
§Z bip >0. (5)
The equilibrium price (5) has the property that for p0 > p the price pincreases as it
tends to the equilibrium price, and for p0 < p the price decreases accordingly. The solution
to the Cauchy problem (3), (4) can be found by the method of varying the constant

S (peb)r aO—al (b
p(t)= poe t e (1 e ) (6)

It is known that limp( ) =p.
t—0

Let us consider the parameterization of model (3) and (4). Consider the following Cauchy
problem:

o5 p(t)=— ((b+[3)p(t)—a0+al),
p(0)=po,
O<a<l. @)
_[ p'(r)dr
F(l—(l) 0 (t—'[)a
Gerasimova — Caputo [9].
The choice of the differential operator is due to the following reasons: 1) the possibility

of applying the initial local condition (4); 2) the derivative of order o from a constant is
equal to zero. Let us write the Cauchy problem (7) in the form:

o5, p(t)=-M(b+B)p(1)+ A1 (a0—al),
p(0)= poO,
O<a<l. (8)

Here 0p,p(t)= is the fractional differentiation operator

The solution of the problem.
The solution to problem (8) can be written as follows:

p(1)= PO, (-1 (b+P)*)+ (a0~ al)j( B, (A (b+) (-7 =
POE, , (~1(b+B)1* ) +2(a0~ alj E, o (-Mb+B)(1=7)" Jde=
= pOE,, (-1 (b+B)t* )+ At* (a0—al)E, ., (— (b+pB)e*)=

ey a0—al o
= pOE, , (- (b+B)r* )+ s (I—Ea!] (-1(b+B)t ));
where p = aO—al’
b+p

p(1)=(p0-p)E,, (-1 (b+B)1* )+ p. ©)
0 k
Here E, (z) = Z{;m —is a Mittag-Leffler type function,
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I'(z) —is a gamma Euler function. In solution (9) the property of a Mittag-Leffler type
. 1
function was used E, , (z) = zE, , +u(z)+ = [13].
u

It should be noted that with the value of the parameter o =1, the solution, up to a factor,
will transform into solution (6). Let us show that solution (9) tends to (5) as ¢ — «. To do
this, we use the asymptotic representation of the function for large values of the argument:

Ea,l (_}\(b + B)t‘l ) — ée[fk(bﬂs)]%l ,
|Z|=|7V(b+[3)t‘1 oo, o

Then, substituting (10) into (9) and at ¢ — oo we arrive at the limit lim p(7) = p.
t—0

Conclusions. Solution (9) differs from solution (6) in the arbitrariness of the choice of
parameter 0 <o <1.

In equation (7), an integral with a power kernel means a rather tricky averaging of the
price of a product over time or non-locality over time. This results in a slowdown in price
dynamics over time relative to the equilibrium price when supply and demand are equal.
Such a slowdown may be caused by some external factors or a feature of the monopoly.
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