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OPTIMAL MODEL FOR EVALUATING THE TOTAL DURATION
OF A BUSINESS PROCESS

ONTUMANbHA MOJENb OUIHKU 3ATANIbHOI TPUBATOCTI
BI3BHEC-NMPOLIECY

When assessing the performance of business processes, it should be noted that one of the most

important operational indicators and evaluation criteria of any company should be the indicator
of the duration of the process completion cycle. Cycle duration is the amount of time that passes
from the start of a task to the moment it is completed. Time is a critical metric for completing
any task as it relates to customer satisfaction and the cost of completing that service. Based
on this, the main goal of this work is to find the critical path of a business process and build a
mathematical model to determine the objective function. To achieve the set goals, the problem of
finding the maximum path in a directed graph constructed according to the list of works of the
information system implementation project is considered. In accordance with the list of works,
the relationships between them were determined, a network schedule for project planning was
constructed, and the main relationships and patterns were identified. Studies of the constructed
mathematical model were carried out using the MS Excel software application. The critical path
of the business process of implementing an information system was found and conclusions were
drawn on the total duration of the project. Thus, operations lying on the critical path require
additional slack planning.

Keywords: business process, optimality criteria, directed graph, critical path, network graph,
objective function.

Cmeopernts cucmem epekmusHo20 YnpasiiHHa KOMRAHIAMU MA OP2aHI3ayisiMu Pi3HO20 Xa-
paxkmepy ma cghepu OiANLHOCMI — Ye 00OHe 3 HAUCKAAOHIWUX 3a80aHb. YHI6epCanIbHOI MemoOuKu
CMBOPEHHs. MAKUX CUCTEM YNPABTIHHS HeMAE, NPOMe MOJICIUBA PO3POOKA 3A2aANbHUX NPUHYUNIG
nobyoosu cucmem ynpaeiinms 6iznecom. /Jo maxux nepedogux memoodis eqhekmusHo2o Ynpaeiin-
HsL 6X00UMb MAK 36aHULl NPOYecHUll nioxio 00 ynpasninHa. Basciueum ghakmopom 6yO0v-sik020
bisnec-npoyecy 6yoe 11020 egheKMmusHIiCmMb Mma 3A60AHHAM MEHEOHCMEHMY € NOoCmiliHe NOKpa-
WeHHs NOKA3HUKIE Oi3nec-npoyecy. s moeo wob npononyeamu Kii€Hmam GUCOKOAKICHI Mmosa-
pu abo nocnyeu, 6y0b-aKiti KOMNAHii HeOOXIOHO KOHMPOII06amu npoyecu ix cmeopents. 1Ipoody-
Mawi ma 0obpe Hanazo0diceri bizHec-npoyecu 3a6e3neuyroms eUCoKull pigens sikocmi. OCHOGHe
3A60AHHA MEHEOHCMEHNY NOAA2AE Y MOYHOMY BUSHAYEHHI HAUOIIbUL CYMMEBUX CKAAOOBUX
npoyecy 05 1020 NOOAILUIOT OYIHKU, Onmumizayii ma eupoOIeHHs: CIMAHOAPMIiE 30illCHEeHH .
Oyinioouu nokazHuky OizHec-npoyecie HeoOXiOHo GI03HAUUMU, WO OOHUM 3 HAUOLTbUL 8ANCIUBUX
ONepamuHUX NOKA3HUKIE Ma Kpumepiie oyinku 0y0b-aK0i KOMNAHII NOGUHEH OYMuU NOKAZHUK
MPUBANLOCMI YUKy 3A6ePULEHHS Npoyecy. 3a2anbHd mpusanicms YUKiy — ye KUIbKIiCmb yacy,
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Wo NpoxXooUms 3 NOYAMKY BUKOHAHHSA 3A60AHHA 00 MOMEHMY 1020 3asepuients. Llel nokasHux
Mooice cmamu KOHKYPEHMHOIO0 Nepeeazolo KoMnauii. Yac € Kpumuunum nOKa3HUKOM 0I5l 6UKO-
HaHHS 0)0b-AK020 3A60AHH, OCKIIbKU CNIBBIOHOCUMbCSL i3 3A0080NEHICMIO KIIEHMA Md 6apmic-
mio 8UKOHAHHS Yiel nocayeu. Lletl NOKA3HUK MOXNCHA 8KIIOUAMU NPAKMUYHO 6YOb-51KOT KOMNAHIT
00 nepenixy KIHUYo8UxX NOKA3HUKIE OIAIbHOCMI, | 8IH MOdice 3auHamu 2ione micye nopsao 3 ¢i-
HAHCOBUMU NOKAZHUKAMU OlsnbHOCmI. Buxooauu 3 yboeo, ocnognoro memoio oanoi pobomu ¢
3HAXOOJICEHHS KPUMUYHOO WIIAXY BUKOHANHA Di3Hec-npoyecy, no6y008a MamemMamuiHoi mooeni
07151 GU3HAYEHHS YINbOBOT YHKYILL, npu YoMy NPONOHYEMBCS GUKOPUCTIANHS NPUKIAOHO20 NPO-
epamnoeo 3abesneuenns. [ 30icHenHsa NOCMAGIeHOT Memu PO32IAHYMA 3a0a4a 3HAXO0IHCEHHS
MAKCUMATBHO2O WLTAXY 8 OPIEHMOBAHOMY epai, wjo nobydosanuil 3a nepenikom pooim npocKmy
BNPOBAOIICEHHS IHOpMayiliHOL cucmemu. Y 8i0nogionocmi 00 nepenixy pooim 3pobieHo 8u3Ha-
UCHHSL B3AEMO36 SI3KI8 MINC HUMU, NOOYOOBAHO CIMbOSULL 2PADIK NAAHYBAHHS NPOEKNTY | USBNCHI
OCHOBHI 83A€MO36 A3KU Ma 3aKOHOMIpHOCmI. [Iposedeno 0ocnidicenHs nobyoo8anoi mamema-
MmuyHoi Mooeni 3a 00noMo2or npoepamuo2o oodamky MS Excel. 3naiideno Kpumuunuil uiiax
bizHec-npoyecy 6nposaddcents iHpopmayitiHoi cucmemu i 3p0ONIeHO BUCHOBKU W00 3A2ANbHOL
mpusanrocmi pobim npoexmy, a came, npu 30UIbWeHi mpueaiocmi pooim, siKi HAIeHCamsv Kpu-
MUYHOMY WIIAXY, 30IIbUYEMbCA | 3a2aNbHUll HacC BUKOHAHHA npoekmy. Takum wunom onepayii,
WO 1exHcamo Ha KPUMUYHOMY WIAXY NOMPeOYIomyb NIAAHY8AHHS 000AMKOBO20 Pe3eps8y Uac).

Knrwowuoei cnosa: oisnec-npoyec, kpumepii ONMUManbHOCMi, OPIEHMOBAHUL epagh, KpUumu-
HULL WISX, CImbosull 2paghix, yinbosa QyHKyis.

Formulation of the problem. The main task of management in economic systems is
to identify alternative solutions, their formalized description, comparison of alternatives to
actions and goals, as well as analysis of the possibilities of identifying alternatives using
model experiments. These action alternatives are assessed from the point of view of the
measure of achieving the set goals through optimality criteria in order to select the best,
optimal one among them.

A specific feature of an economic system is that it belongs to the class of management
systems, and for them the first task of implementing optimal management is the correct
choice of an optimality criterion that could take into account all the most important and,
perhaps, the most contradictory requirements for a given economic process.

All problems and situations that occur at different levels of the economic system must
take into account the limited resources to achieve their goals. To find ways to solve them, it is
necessary to conduct experimental studies and calculations. It is obvious that experimenting
with economic systems is impractical, therefore the only scientifically based means of
research is mathematical modeling — the most effective quantitative method for analyzing
the effectiveness of management decisions.

A professional analyst in the decision-making process must identify those situations that,
to one degree or another, need to be described mathematically, that is, for which it is possible
to build appropriate models and, through model experiments, take the necessary information
to develop a management decision [1]. A typical formulation of an optimization modeling
problem is as follows: a certain process can develop according to different options, each
of which has its own advantages and disadvantages, and, as a rule, there can be many such
options. It is necessary to choose the best (optimal) from all possible options (applications).

To justify optimal production programs, special optimization models for solving such
problems, that is, optimization modeling, are used. Finding an optimal plan is, as a rule,
a complex task and refers to extremal problems, where it is necessary to determine the
maximum or minimum (extremum) of a function according to certain restrictions.

The objects of optimization modeling are various areas of human activity, where
in certain situations it is necessary to select the best possible course of action. The basis
for this choice is finding a solution to the extremal problem using optimization modeling
methods. When solving an extreme economic problem, the following points are fulfilled:
an economic-mathematical model is built, an optimal plan is found, an economic analysis
of the results obtained is carried out, and the possibility of their practical application
is determined.
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An optimization model of an economic object (system) is its simplified image, presented
as a set of mathematical relationships (equations, inequalities, logical relationships,
graphs, etc.) [1].

Analysis of recent research and publications. The complexity of economic systems
as objects of research requires their careful study to clarify the most important functional
dependencies and internal relationships between their elements. As a result, possible
simplifications and assumptions are made, which obviously worsens the adequacy of the
constructed mathematical models and is an excellent reason for criticism. However, only the
adoption of certain assumptions allows the formalization of any economic situation.

There are no general recommendations for modeling, therefore, in each specific case, the
requirements for constructing a mathematical model depend on the goals and conditions of
the system under study.

In the process of applying optimization modeling in economics, a clear statement of
the problem and its formalization is the most difficult stage of research, which requires
thorough knowledge, first of all, of the economic essence of the processes being modeled.
However, a successfully created optimization model can be subsequently used to solve other
problems that are not related to the initially modeled situation. Starting with the works of
L.V. Kantorovich, in optimization modeling a certain set of classical problem statements has
been formed, the economic and mathematical models of which are widely used in practical
studies of economic problems [1]. A. Fayol identified four basic principles of planning,
calling them the general features of an optimal program of action.

Formulation of the purpose of the article. The purpose of the article is to find an
optimal model for estimating the total duration of a business process, that is, the task of
finding the critical path of a business process, as well as constructing a mathematical model
and solving the problem using application software.

Presentation of the main material. The task of finding the maximum path is one of the
main ones when modeling various business processes, as well as planning and managing
projects for performing work for various purposes. The essence of the task of finding the
critical path of a business process is as follows.

Many real-life projects, such as building a house and a city's transport network,
manufacturing and assembling machines and mechanisms, developing technical devices and
software, processing orders in trade and logistics, as well as the processes of making coffee
and studying at a university, can be detailed in the form of a large-scale project number of
different operations or works. Some of these operations can be performed simultaneously
or in parallel, others can only be performed sequentially, when one or another operation can
begin only after the completion of other operations.

For example, when building a house, you can simultaneously carry out work on interior
decoration and landscaping in the area adjacent to the house. When developing software,
you can simultaneously write programs for some modules and test other modules.

At the same time, the sequential execution of business process operations requires
coordination of the start and end times of individual work. For example, when building a
house, work on the interior decoration of the premises can begin only after the construction
of the walls and roof of the house is completed. In software development, writing programs
for individual modules can begin after the requirements for them are specified, for example,
in the form of use cases.

In the general case, a business process model that reflects the sequence and logical
relationship of the execution of individual operations or works can be represented in the
form of some finite oriented graph [2]. In this case, individual operations can be represented
both in the form of vertices of this graph and in the form of arcs. Since the second case of
interpreting work in the form of arcs of a directed graph is more convenient for calculating
the total execution time of a business process, it is traditionally used when considering the
meaningful formulation of finding the critical path of a business process.
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Thus, the initial information for modeling business processes is a directed graph of
operations execution, each arc of which is interpreted as a separate operation or work of
this business process, and a vertex as some event associated with the completion of certain
operations. In this case, the time duration of individual operations is determined in the
form of the weight of the corresponding arc. Based on the general logic of business process
execution, the following condition is introduced: the graphical model of a separate business
process must have a single initial event that initiates the start of its execution, and a single
final event that records the moment of completion of its execution. In relation to a directed
business process graph, this condition means that this graph must have a single vertex from
which arcs emanate and a single vertex into which arcs enter.

Additionally, it is required that the considered directed graph of the business process
model does not contain cycles and is connected, that is, its final vertex is reachable from the
initial vertex. A directed graph that satisfies the above conditions is called a network graph
or simply a network [2; 3].

One of the main tasks of business process modeling, as well as a more specific task
of planning and project management, is not only the construction of a network graph of a
business process that adequately reflects the general logic and technology of operations, but
also an assessment of the total duration of this business process.

It should be noted that all operations of a certain business process are performed
sequentially, its total duration is equal to the algebraic sum of the time intervals for
performing individual operations. If the operations of a business process are performed in
parallel, then the total duration of the business process is obviously equal to the maximum
time interval of the operations performed in parallel. It follows: the duration of execution
of a business process, represented in the general case by a network graph model, is equal to
the path of maximum length connecting the initial vertex of this graph with its final vertex.
This path received a special name — the critical path in the network graph.

Finding the critical path in a network graph allows you to identify business process
operations that are most critical at the time of their execution. Indeed, an increase in the
execution time of operations lying on the critical path leads to a clear increase in the
total execution time of a business process. Thus, business process management becomes
a priority and is aimed at preventing unplanned delays in the execution, first of all, of
those operations that are included in the critical path of the corresponding network graph.
On the other hand, reducing the time required to complete such operations due to the internal
reserves of the business system can lead to a reduction in the total time to complete the entire
set of operations, which is one of the goals of optimization or reengineering of business
processes [4; 5].

Thus, critical path operations acquire higher priority compared to other business process
operations, and the task of constructing a network graph of a business process and the critical
path in this network graph becomes an important element of business process modeling.
The task of finding the critical path in a network graph traditionally relates to the problems
of network planning and project management, which additionally includes finding a number
of special network characteristics, such as calculating early and late dates for the occurrence
of events, time reserves for performing operations, and others.

Consider a directed graph: G =(V,E,h) in which ¥ ={v,v,,...,v,} — finite set of
vertices, £ ={e,,e,,...,e, } — finite set of arcs, h: E — Z, — weight function of arcs [6; 7].
For the mathematical formulation of the problem, it is convenient to denote individual
values of the weight function of arcs through: ¢, = h(e, ), where arc ¢, € E corresponds to
an ordered pair of vertices (v[ Y, ) According to the meaningful formulation of the problem

of finding the maximum path in a graph, the values ¢, = h ((vi Y, )) can be interpreted as the
length of the section, costs or the cost of moving from the 7 -th to the j -th city. In relation
to the task of finding the critical path in a network graph, each arc (vl,,vj) is interpreted
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as a separate operation of the business process, and the value ¢; is interpreted as the time
duration of the corresponding operation (vl. ,vj)

Additionally, two vertices are fixed in the graph: the starting vertex v, and the ending
vertex v, . Moreover, the length of any route in the graph is equal to the sum of the weights of
the arcs included in this route [2; 3]. Assuming that the initial network graph G is connected,
that is, the vertex v, is potentially reachable from v, and does not contain cycles, we need
to determine the route of the maximum length of the initial vertex v, to the final vertex v,.

In the directed graph, we introduce Boolean variables x;, which are interpreted as

follows. Variable x; =1, if arc (vl )V, ) is included in the route of maximum length and x; =0,
otherwise, that is, if arc (v v, ) otherwise, that is, if arc. Then, in the general case, the
mathematical formulation of the problem of the maximum route in a directed graph or the

critical path in a network can be formulated as follows:

ZZC X, —> max, @)

o1 jl xelg

where the set of admissible alternatives A, is formed by the following system of
constraints such as inequalities:

Jj=1 i=1
Zn:x,j - Z":xit =1 3)
Jj=1 i=1

Zn:x,.j—zn:xﬁ:0(Vie{1,2,...,n},i¢s,i¢t; 4)
P

J=1

x; €{0,1}(Vi,j e{1,2,....,n}. ®)

In this case, the first constraint (2) requires the fulfillment of the following condition —
the desired path must begin at the vertex v_, constraint (3) requires the fulfillment of the
following condition — the sought path must end at the vertex v,. The third constraint (4)
guarantees the connectedness of the maximum path, that is, the required path must pass
through intermediate vertices of the graph. The total number of restrictions (2) — (4) is n.
Finally, the last constraint (5) requires that variables only take Boolean values.

To solve the problem of finding the critical path in a network graph using MS Excel, let’s
consider the business process of implementing an information system. We select a list of
project works, determine their duration in days and determine the relationships between the
works [4]. The results are entered into the table 1.

Let's create a directed graph of a business process to complete a task that reflects the
precedence relations of operations, and solve the problem of finding the maximum path in
the network graph shown in Fig. 1. In this case, each arc of this network graph will mean a
separate operation of some business process, and the vertex will be an event associated with
the moment of the beginning or end of these operations. The dashed arrow shows fictitious
work that eliminates the parallelism of operations. The duration of operations, expressed, for
example, in days, is equal to the value of the weight function of each arc, indicated next to
the image of this arc in the graph.

We need to find a critical path connecting the initial event 1, which corresponds to the
vertex v, =v_, with the final event 11, which corresponds to the vertex v, =V, so that the
total length of the path is maximum.
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Table 1
List of works for the information system implementation project
and identification of relationships between the works

No. Operation Duration, Previ(.)us
days operations
1 Annqunpement on the.: implementation of an information system 2 _
(beginning of the project)
2 | Selecting the system to be implemented 15 1
3 | Purchasing software 7 2
4 | Drawing up network design documentation 7 2
5 | Purchase of technical equipment (computers, network equipment) 15 2
6 | System administrator and programmer training 30 4
7 | Local network installation 20 4;5
8 | Installing software on computers 5 3;5
9 | Installing network software, setting up a network 25 6;7;8
10 | Entering initial data into the information base 40 9
11 | Staff training 30 9
12 | Transfer to operation (end of project) 5 10; 11

We need to find a critical path connecting the initial event 1, which corresponds to the

vertex v, = v, with the final event 11, which corresponds to the vertex v, = v, so that the total

length of the path is maximum.

The variables of the mathematical model of this critical path problem in a network graph
are 15 variables: X,,,X,5, X545 Xs5, X365, X455 X465 X475 X575 X7 > X785 X595 X5 10> X 195 X191 - Each of the
variables x, takes the value 1 if the arc (i, j) is on the critical path, and 0 otherwise.
Then the considered mathematical formulation of the problem of the critical path in a
network graph can be written in the following form:

2x,, +15x,; +15x;, + Tx;5 + Txy + 0x,5 +0x, +20x,, +5x; +

+30xg; + 25,4 +30xg +40x5, +0xy 5 + 5%, —> max, (6)
Xe B

where the set of admissible alternatives A, is formed by the following system of
constraints such as equalities and inequalities:
X12=1;
X1011= 15
X127~ X23=0;
X237 X34~ X35~ X36=0
X34~ X457~ X46~ X47=0;
X351 X45— X57=0;
3 X361+ X46— X67=0;
X477t X577+ X7 — X78=0;
X78~ Xgo— Xg10= 0;
Xgo9~ X910 = 0;
Xg10 1 X910~ X10,11= 0;
X125 X235 X34, X35, X365 X455 X465 X475, X57,
\ X7, X78, X9, Xg.10> X9.10> X10.11 € {0,1}. (7)
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Figure 1. Network graph of the business process of implementing an information system

To solve this problem, use MS Excel to create a book and perform the following prepa-
ratory steps:

— let's enter the indices of the initial vertices and final vertices of all arcs of the
corresponding graph into the MS Excel table;

— let's enter the value of the coefficients of the objective function (6);

— let us introduce the objective function (6);

— let's introduce the left side of the restrictions (7).

The appearance of the MS Excel worksheet with the initial data for solving the problem
of the critical path in the network graph is identical to the image in Fig. 2.

A B | C D E F
1| vi|vi|ci Variables: Limitation: Objective function value:
281 2 2 =D2 =SUMPRODUCT(C2:C16;D2:D16)
3Hl2 |3 15 =D2-D3
4 |3 4 15 =D3-D4-D5-D6
513 |5 7 =D4-D7-D8-D9
613 |6 |7 =SUM(D5;D7)-D10
714 |5 0 =SUM(D6;D8)-D11
8(a |6 |o =SUM(D9;D10;D11)-D12
94 |7 20 =D12-D13-D14
1015 |7 5 =D13-D15
1116 |7 |30 =SUM(D14;D15)-D16
1217 |8 25 =D16
1318 |9 30
14 |8 |10 |40
1519 10 |0
16 |10 |11 |5

Figure 2. Initial data for solving the critical path problem in a network graph

To further solve the problem, you should call the solution search wizard and enter
the necessary restrictions. The general view of the Solution Search Wizard parameter
specification dialog box looks like this (Fig. 3).

After specifying the constraints and objective function, you can begin to search for a
numerical solution. After performing the calculations using MS Excel, a quantitative solution
will be obtained that looks like this (Fig. 4).

As a result of solving the problem of the critical path in the graph, the optimal values
of the variables were found: x, =1, x; =1, x, =1, x, =1, x; =1, x =1, x;,, =1,
X,o;; =1, others variables are 0. The found optimal solution corresponds to the value of the
objective function: f,  =132.




MeHenKMeHT |

| 281

MapameTpu po3s'asysaua X

ONTUMI3YBaTH LiNbOBY (YHKLIHO: ‘ $F$2[ ?‘

JitH O Makammym O Miimym O 3nauenns: 0 l

3MIHIOKOUN KAITUHKM 3MIHHUX:
$D$2:5D$16 ry }

MNignarae 06MeXeHHAM:

$D$2:3D$16 = ggiiikoee a foaat

$ES12 =1

$ES2 =1 .

$E$3:5ES11 =0 3MIHUTH
Buganutu
CKUHYTH

v RKUTH/36eperti
3pobuTit HeoOMeXeHi 3MiHHI He Big'EMHUMMI
Bubepitb MeToa 3a cUMNNeKC-MeTOA0M N Mapametpu

PO3B'A3aHHA:

MeTog po3B'A3aHHA

ANnA po3B'A3aHHA MNaAKUX HeNiHiliHuX 3aaay BubepiTb PO3B'A3yBaY HeNiHIiHIX 334a4 33 METOAOM 3BeeHOro
rpagienTa. INA po3B'A3aHHA NiHIlHKX 33BAaHb BUOEPITL PO3B'A3YBaY 3@ CUMNNEKC-METOAOM, ANA HErNaaKuX
eubepiTb pc i po3g'AsyBay.

Figure 3. Restriction on the value of variables and parameters of the solution search
wizard for the critical path problem in a network graph

Ad A|B|C D E F
1 | vi|vi|cif Variables: Limitation: Objective function value:
28 1| 2] 2 1 1 132
3|12|3|15 1 0
4|13]|4]|15 1 0
58l 3|5]| 7 0 0
6|3[6]|7 0 0
71450 0 0
8|4(6]|0 1 0
98| 4| 7|20 0 0
10l 5| 7|5 0 0
11| 6| 7|30 1 0
12| 7| 8 |25 1 |
13| 8| 9 |30 0
14| 8 | 10|40 1
15/ 9 |10| 0 0
16 (10|11| 5 1

Figure 4. Result of a quantitative solution to the critical path problem in a network graph
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Figure 5. Critical path in the original network graph between vertices v, and v,,

Analysis of the solution found shows that the critical path in the original network graph
(Fig. 1), connecting vertex 1 to vertex 8 contains the following arcs: (1, 2), (2, 3), (3, 4),
4, 6),(6,7),(7,8), (8, 10), (10, 11). These arcs correspond to the critical operations of the
modeled business process (Fig. 5). In this case, the total duration of the critical path will
be maximum and equal to 132 days, which corresponds to the total planned duration of the
business process.

Conclusions. Critical nature of operations (1, 2), (2, 3), (3, 4), (4, 6), (6, 7), (7, 8), (8, 10)
and (10, 11) is manifested in the fact that an increase in any of them, for example, by 1 day,
will lead to an increase in the total duration of the implementation of the business process,
which will be equal to 133 days. As for other operations that are not on the critical path,
they have so-called time reserves, which allow for a slight increase in their duration without
changing the total duration of the corresponding business process.
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